We consider the construction of Dirichlet series for quasilinear partial differential equations. Once again, as in a previous paper (Theor. Math. Phys. (2002), to appear), our analysis succeeds in identifying integrable equations.
1. Introduction Given a class of quasilinear partial differential equations, the problem of deciding which members of that class are completely integrable is highly nontrivial. In particular, many such equations, even if completely integrable -see for example, Refs. 1)-4) -fail the Painlevé test. 5) (This problem was also observed in Ref. 6 ).) In a recent paper, 7) we proposed, instead of a classification using Painlevé expansions, a classification based on the use of Dirichlet series. We found that, for the class of equations considered, the only equations admitting such series solutions are transformable back onto the only known integrable equation within the class. Here we consider further classification results; once again we succeed in identifying integrable equations. We note that an interesting discussion of the use of Dirichlet series within the context of ordinary differential equations can be found in Ref. 8). 2. Classification using Dirichlet series Consider the class of quasilinear partial differential equations for U (x, t) given by
where * )
(c constant) and
i.e. where E 1 consists of the nonlinear (quadratic) terms and E 2 consists of all possible additional linear terms up to and including third derivatives. Motivated by the work in Ref. 6 ), we sought in Ref. 7 ) series solutions of (1), in the case c = 2, of the form
The construction of such a series solution proceeds analogously to the construction of a Painlevé expansion. We have a set of dominant terms (the quadratic terms E 1 ) that determine which coefficients in (4) are undetermined. Corresponding to each such arbitrary coefficient, we have a "compatibility condition" to be satisfied in order that our solution remain a series in powers of exponentials only. When a compatibility condition is not satisfied, the series has to be modified by the inclusion of powers of x (higher and higher powers for higher powers of e x ). In Ref. 7) we obtained the result that in the case c = 2 all equations (1) admitting solutions of the form (4) are integrable. (They are transformable onto the Fuchssteiner-FokasCamassa-Holm equation.) In the present paper we extend these results to the case c = 3.
e −x remains determined as a choice of leading order, and thus the form (4) remains valid. The corresponding Dirichlet series admits arbitrary coefficients at j = 0, 2, c + 1, and thus we see that in the case c = 3, we have compatibility conditions to check at j = 2 and j = 4.
Equations admitting Dirichlet series solutions
We find that in the case c = 3, there are four equations for which the compatibility conditions at j = 2 and j = 4 are satisfied, and thus which admit series solutions of the form (4). These then have
and (Cases I, II, III and IV, respectively)
where we use to denote differentiation with respect to t. We now note that we also have the possible leading order U ∼ U 0 (t)e x , corresponding to which we can consider the construction of a series solution of the form
Again we find that we have compatibility conditions to check at j = 2 and j = 4. These then give the following additional constraints:
Case II : 
Thus Case II, with (11), reduces to the special case c 0 + 4e 0 = 0 of Case I.
Making the shift U → U + 1 3 (c 0 + e 0 ) in Case I, we obtain
which depends on one arbitrary function, c 0 + 4e 0 . In Case IV, with the additional constraints (12), we make the shift
which depends on one arbitrary function, d 0 . Both equations F = 0 and G = 0 are ordinary differential equations. The only partial differential equation that satisfies our requirements is that of Case III. In fact, because under the shift U → U + It is worth noting that the additional restrictions (11) and (12) can also be obtained from a requirement that the equation admit a truncated series solution of the form
That is, if we consider Cases I, II, III and IV as given above, we see that a necessary condition for the equation to admit a solution of the form (16) is that U 3 (t) in (4) be zero. In Cases I and III, this condition is satisfied, while in Cases II and IV it requires that (11) and (12) hold, respectively. That the resulting equations do then admit a solution of the form (16) can then be seen from the facts that (15) can be written
which then admits the solution U = f (t)e −x + g(t)e x , with f and g arbitrary, that F = 0 and G = 0 are special cases of H = 0, and that the linear transformations used to obtain the forms F = 0, G = 0 and H = 0 preserve the class of solutions (16). We now consider Eq. (15). This equation is equivalent to
This can be seen by making the transformation defined by 
which we identify with (15) in U (X, T ), with the coefficients now functions of T , via
where t = γ −1 (T ). Equation (18), or equivalently (19), is known to be integrable, 9) this having been recently confirmed in Ref. 10) using a perturbative symmetry approach. Thus, as in our previous paper, 7) we obtain the result that, for the class of equations considered, the only equations admitting Dirichlet series solutions (4) and (10) are transformable back onto the only known integrable equation in that class. 4 . Conclusions In a recent paper, 7) we introduced a new mechanism in the classification of (quasilinear) differential equations, namely classification using Dirichlet series. Here we have considered a further application of our technique and have once again obtained the remarkable result that, for the class of equations considered, the only equations that admit such series solutions are transformable back onto the only known integrable equation within the class. That is, we have obtained the result that for c = 3 all equations in the class (1) that admit Dirichlet series solutions are in fact completely integrable. We have also seen that the constraints obtained are sufficient for the equation to admit a truncated solution (16); such solutions, and any corresponding factorization of the equation, as for example in (19), have previously been observed as being closely related to the presence of peakon solutions. 6) Finally, we remark that, although we have very promising results, and although we have succeeded once again in identifying (a subclass of) integrable equations, a complete classification of integrable equations in the class (1), including the cases c = 2 and c = 3 discussed here and in Ref. 7) , remains an open problem.
